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Summary

Variational Modeling of Parabolic Free Boundary Problems

This thesis is devoted to a parabolic free boundary problem arising from
theoretical biology, more precisely, a toy model for cell swelling due to osmosis.
It consists of diffusion of some solute, for instance salt, on a free domain with
a Neumann-like boundary condition resulting in conservation of mass. The
movement of the domain boundary, which can be thought of as the cell mem-
brane, is determined by its mean curvature and the concentration of solute at
the boundary.

The equations for this free boundary problem can all be derived from basic
thermodynamical principles: Boltzmann entropy and surface tension. These
principles give rise to an alternative formulation of the same problem. In this
thesis, it is argued that this formulation is more natural from the physical point
of view.

One can consider at least two simplifications of this problem. The first
is the assumption of radial symmetry, that is, the assumption that everything
is symmetric around the origin. The main reason to study this simplification
is that it eliminates almost all of the geometry of the problem: the domain
will always be a ball centered at the origin, which can be uniquely described
by its radius. Effectively, assuming radial symmetry reduces the problem to a
one-dimensional free boundary problem.

In Chapter 2, the radially symmetric problem is studied using classical
methods from the theory of partial differential equations. Chapter 3 is devoted
to a variational formulation of the radially symmetric problem. More precisely,
a formulation as a gradient flow in a metric space is given and used to show
that the radially symmetric problem is well-posed: given an initial condition,
a unique solution exists for all time.

The second simplification that can be made is that the diffusion inside the
domain is on a much faster time scale than the movement of the boundary.
Mathematically, this means that one can assume that the diffusion is always
in its equilibrium state. As a consequence, the only interesting aspect of the
resulting problem is the geometry of the domain boundary. Chapter 4 is about
a variational formulation of this simplified problem, which is very similar to
the mean curvature flow. A striking feature of this formulation is that methods
that can be used for gradient flows also work for this problem, even though it
is not a gradient flow.
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150 Summary

In Chapter 5, techniques and results from the simplified problems are used
to show that the original problem has a solution by formulating it variationally.
The main hurdle in this chapter is finding a suitable coupling between the
concentration and the domain boundary: if this coupling is too weak, the
boundary conditions of the problem are not met by the solution. On the
other hand, if the coupling is too strong, the regularity results needed to show
existence of a solution cannot be derived.

Finally, in Chapter 6, the concept of gradient flow is studied a bit closer.
In view of the results of Chapter 4, a metric space is not needed to define the
concept of gradient flow. It is shown that the concept of a gradient flow can be
generalized from a metric space, a space where the distance between any two
points is defined, to a length space, a space where only the length of curves is
defined. Using this generalization, a theorem about the dependence of gradient
flows on the metric is shown. Moreover, it is conjectured, and partially proved,
that the mean curvature flow can be formulated as a gradient flow in a length
space.
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